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Abstract
A graph G is induced matching extendable (shortly, IM-extendable), if every induced matching of
G is included in a perfect matching of G. A graph G is claw-free, if G does not contain any induced
subgraph isomorphic toK1,3. The kth power of a graphG, denoted byGk , is the graph with vertex set
V (G) in which two vertices are adjacent if and only if the distance between them in G is at most k. In
this paper, the 4-regular claw-free IM-extendable graphs are characterized. It is shown that the only
4-regular claw-free connected IM-extendable graphs are C26 , C
2
8 and Tr , r2, where Tr is the graph
with 4r vertices ui, vi , xi , yi , 1 ir , such that for each i with 1 ir , {ui, vi , xi , yi} is a clique
of Tr and xiui+1, yivi+1 ∈ E(Tr ) (mod r). We also show that a 4-regular strongly IM-extendable
graph must be claw-free. As a consequence, the only 4-regular strongly IM-extendable graphs are
K4 ×K2, C26 and C28 .
© 2005 Elsevier B.V. All rights reserved.
MSC: 05C70; 05C35
Keywords: Induced matching; IM-extendable; Claw-free
1. Introduction
Graphs considered here are ﬁnite, simple and undirected. For a graph G,V (G) and
E(G) denote its vertex set and edge set, respectively. The edge joining two vertices x and
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y is written as xy. For X ⊆ V (G), the neighbor set NG(X) of X is deﬁned by
NG(X)= {y ∈ V (G)\X: there is x ∈ X such that xy ∈ E(G)}.
NG({x}) is written in shorter form as NG(x) for x ∈ V (G). ForM ⊆ E(G), set
V (M)= {x ∈ V (G): there is y ∈ V (G) such that xy ∈ M}.
For S ⊆ V (G), set
E(S)= {uv ∈ E(G): u, v ∈ S}.
A graph G is claw-free, if G does not contain any induced subgraph isomorphic to K1,3.
The kth power of a graph G, denoted by Gk , is the graph with vertex set V (G) in which
two vertices are adjacent if and only if the distance between them in G is at most k. A
componentH ofG is odd (even) if |V (H)| is odd (even). The number of components ofG is
denoted by c(G) and the number of odd components of G is denoted by o(G).M ⊆ E(G)
is called a matching [5] of G, if V (e)∩V (f )=∅ for every two distinct edges e, f ∈ M . A
matchingM of G is perfect [5], if V (M)= V (G). We say a matchingM of G is an induced
matching [2,3] ifE(V (M))=M . A graphG is said to be induced matching extendable [11]
(shortly, IM-extendable), if every induced matching of G is included in a perfect matching
of G. A graph G is strongly IM-extendable [13], if every spanning supergraph of G is also
IM-extendable. It is clear that, a strongly IM-extendable graph must be an IM-extendable
graph, but the reverse does not always hold. For notation and terminology not deﬁned here,
we refer to [1].
Researches on IM-extendable graphs can be found, for example, in [4,6–11,13,14].Yuan
[12] gives a survey in detail. The basic research tool is the following famousTutte’s theorem.
Tutte’s Theorem. A graph G has a perfect matching if and only if for every S ⊂ V (G),
o(G− S) |S|.
Up to now, there are only few families of IM-extendable graphs have been characterized.
By [11], the only 3-regular connected IM-extendable graphs are Cn × K2, for n3, and
C2n(1, n), for n2, where C2n(1, n) is the graph with 2n vertices x0, x1, . . . , x2n−1, such
that xixj is an edge of C2n(1, n) if either |i − j | ≡ 1 (mod 2n) or |i − j | ≡ n (mod 2n).
By [9], a connected K4 minor free graph G is IM-extendable if and only if GT × K2,
where T is a tree, and the only connected IM-extendable outer planar graphs are ladders
(i.e., Pn×K2). By the characterization of 3-regular strongly IM-extendable graph, one can
easily verify that the only 3-regular strongly IM-extendable graphs are K4 and K3 ×K2.
In this paper, the 4-regular claw-free IM-extendable graphs are characterized. It is shown
that the only 4-regular claw-free connected IM-extendable graphs are C26 , C28 and Tr , r2,
where Tr is the graph with 4r vertices ui, vi, xi, yi , 1 ir , such that, for each i with
1 ir , {ui, vi, xi, yi} is a clique of Tr and xiui+1, yivi+1 ∈ E(Tr) (mod r). We also
show that a 4-regular strongly IM-extendable graph must be claw-free. As a consequence,
the only 4-regular strongly IM-extendable graphs are K4 ×K2, C26 and C28 .
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2. 4-regular claw-free connected IM-extendable graphs
The following lemma can be found in [11].
Lemma 2.1. Suppose that G is a connected IM-extendable graph with |V (G)|4. Then
G is 2-connected and |V (G)| is even.
Lemma 2.2. Each of the graphs C26 , C28 and Tr, r2, is IM-extendable.
Proof. The IM-extendability of the graphs C26 and C28 can be easily veriﬁed. As to the
graph Tr , let M be an induced matching of Tr . Set Si={ui, vi, xi, yi}, 1 ir . For each
e∈M , we deﬁne a matching Ne of Tr by setting Ne={e}∪E(Si\V (e)) if there is a certain
i such that V (e)⊂Si , and setting Ne={xiui+1, yivi+1} (mod r) if there is a certain i such
that e∈{xiui+1, yivi+1}. Clearly, N=⋃e∈MNe is a matching of G containing M. By the
structure of each Ne, a perfect matching of the graph Tr−V (N) can be obtained by the
rule that ui (if any) is matched with vi and xi (if any) is matched with yi . The result
follows. 
For a vertex u of a graph G, we deﬁne f (u)= |E(NG(u))|.
Theorem 2.3. The only 4-regular claw-free connected IM-extendable graphs are C26 , C28
and Tr, r2.
Proof. Let G be a 4-regular claw-free connected IM-extendable graph. Then, by Lemma
2.1,G is 2-connected and |V (G)| is even. By the deﬁnition of IM-extendability and Tutte’s
theorem, for every induced matchingM of G, G− V (M) has no odd component. 
Claim 1. For every vertex u of G, f (u)3.
Otherwise, there is a vertex u ∈ V (G) such that f (u)2. Then G[NG(u)] is discon-
nected. Because G is claw-free, G[NG(u)] has just two components, each of which is iso-
morphic toK2. Thus,E(NG(u)) is an inducedmatching ofG such thatG−V (E(NG(u)))=
G−NG(u) contains an isolated vertex u. This contradicts the fact thatG is IM-extendable.
Claim 1 follows.
Claim 2. For every vertex u of G, f (u)4.
Otherwise, there is a vertex u ∈ V (G) such that 5f (u)6. If f (u) = 6, G[NG(u)]
is a clique. By the 4-regularity of G, G is isomorphic to K5. This contradicts the fact that
|V (G)| is even.
If f (u) = 5, G[NG(u)] is isomorphic to K4 − e. Let x and y be the two distinct ver-
tices in NG(u) such that xy /∈E(G). Because G is 2-connected, there must be two distinct
vertices x′, y′ ∈ V (G)\({u} ∪ NG(u)) such that xx′, yy′ ∈ E(G). When x′y′ ∈ E(G),
{x′y′} is an induced matching of G such that G[{u} ∪ NG(u)] is an odd component of
G − {x′, y′}, a contradiction. When x′y′ /∈E(G), {xx′, yy′} is an induced matching of G
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such thatG[{u}∪(NG(u)\{x, y})] is an odd component ofG−{x, x′, y, y′}, a contradiction
again. This completes the proof of Claim 2.
Claim 3. For every vertex u ∈ V (G),G[NG(u)] is not isomorphic to K1,3 + e.
Otherwise, let u be a vertex ofG such thatG[NG(u)] is isomorphic toK1,3+ e. Suppose
that NG(u) = {a, b, c, d} and E(NG(u))={ab, ac, bc, cd}. By the 4-regularity of G, it is
easy to verify that f (d)2, a contradiction to Claim 1. This completes the proof of Claim 3.
By Claim 1 and Claim 2, we know that, for every vertex w of G, 3f (w)4. Hence,
we distinguish the following two cases.
Case 1. There is a vertex w ∈ V (G) such that f (w)= 4.
In this case, byClaim3,G[NG(w)] is isomorphic toC4. Suppose thatNG(w)={u, v, x, y}
and E(NG(w)) = {uv, vx, xy, yu}. If |V (G)\({w} ∪ NG(w))|3, by the 2-connectivity
of G, we have |NG(w, u, v, x, y}|2. Then there are two adjacent vertices in NG(w) =
{u, v, x, y}, say u and y, such that there are two vertices a, b ∈ NG({w}∪NG(w)) such that
ua, yb ∈ E(G). By the 4-regularity of G and the fact that f (u), f (y)3, we can deduce
that va, xb ∈ E(G). By the 4-regularity ofG again, it is easy to see that f (a), f (b)2. This
contradicts Claim 1. Hence, |V (G)\({w} ∪ NG(w))|2. By the fact that |V (G)| is even,
we must have |V (G)\({w} ∪NG(w))| = 1. Then one can easily verify that G is isomorphic
to C26 .
Case 2. For every vertex w ∈ V (G), f (w)= 3.
Because G is claw-free, G[NG(w)] is not isomorphic to K1,3. Then G[NG(w)] is iso-
morphic either to P4 or toK1∪K3 (the disjoint union ofK1 andK3). Hence, we distinguish
the following two cases.
Case 2.1. There is a vertex w ∈ V (G) such that G[NG(w)] is isomorphic to P4.
Suppose that NG(w) = {u, v, x, y} and E(NG(w)) = {uv, vy, xy}. By the 4-regularity
of G, there are vertices (may not be different) a, b, c, d ∈ V (G)\{w, u, v, x, y} such that
a = b and c = d and such that ua, ub, xc, xd ∈ E(G). By the fact f (u) = 3, we have
ab ∈ E(G) and either va or vb ∈ E(G). We can suppose, without loss of generality, that
vb ∈ E(G). Similarly, by the fact f (x)=3, we have cd ∈ E(G) and we can again suppose,
without loss of generality, that yd ∈ E(G). We distinguish the following three cases.
Case 2.1.1. {a, b} ∩ {c, d} = ∅.
In this case, {ab, xy} is an induced matching of G such that G[{u, v,w}] is an odd
component of G− {a, b, x, y}, a contradiction. Hence, this case does not occur.
Case 2.1.2. {a, b} = {c, d}.
In this case, {ab} is an induced matching of G such that G[{w} ∪ NG(w)] is an odd
component of G− {a, b}, a contradiction. Hence, this case also does not occur.
Case 2.1.3. |{a, b} ∩ {c, d}| = 1.
By the 4-regularity of G, it is easy to see that the only possibility is a = c. By the fact
that f (c)= 3, we have bd ∈ E(G). Then one can easily verify that G is isomorphic to C28 .
Case 2.2. For every vertex w ∈ V (G), G[NG(w)] is isomorphic to K1 ∪K3.
In this case, every vertex is contained in a 4-clique (i.e., a clique which just contains 4
vertices) of G. We have
Claim 4. For every 4-clique S of G, |NG(S)| = 4.
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Otherwise, suppose that S is a 4-clique of G such that |NG(S)| = 4. By the 4-regularity
of G, we have |NG(S)|3. Then there must be two distinct vertices u, v ∈ S and a vertex
a ∈ NG(S) such that ua, va ∈ E(G). Then G[NG(u)] is not isomorphic to K1 ∪ K3,
contrary to the assumption of Case 2.2. This completes the proof of Claim 4.
By Claim 4, for every 4-clique S ofG, the 4 edges between S andNG(S) form a matching
ofG. If there is a 4-clique S ofG such thatNG(S) is also a 4-clique ofG, by the 4-regularity
of G, G is clearly isomorphic to K4 × K2 = T2. Hence, we suppose in the following that,
for every 4-clique S of G, NG(S) is not a clique of G.
Claim 5. For every 4-clique S of G, |E(NG(S))| = 2, E(NG(S)) is an induced match-
ing of G, and the two end vertices of each edge in E(NG(S)) is contained in a 4-clique
of G.
LetS={u, v, x, y} be a clique ofG. LetNG(S)={a, b, c, d} be such thatua, vb, xc, yd ∈
E(G).
If {a, b, c, d} is an independent set of G, then by the assumption of Case 2.2 and the
4-regularity ofG, each ofG[NG(a)\{u}],G[NG(c)\{x}] andG[NG(d)\{y}] is isomorphic
to K3 and
NG(a) ∩NG(c)=NG(c) ∩NG(d)=NG(d) ∩NG(a)= ∅.
Let a′ ∈ NG(a)\{u}. By the 4-regularity of G, |NG(a′)∩ (NG(c)\{x})|1, and so there is
c′ ∈ NG(c)\{x} such that {a′, c′} is an independent set ofG. By the 4-regularity ofG again,
|NG({a′, c′}) ∩ (NG(d)\{y})|2, and so there is d ′ ∈ NG(d)\{y} such that {a′, c′, d ′} is
an independent set of G. Then M = {aa′, bv, cc′, dd ′} is an induced matching of G such
that G[{u, x, y}] is an odd component of G − V (M), contrary to the IM-extendability
of G.
If |E({a, b, c, d})| = 1, we can suppose that ab ∈ E(G). By the assumption of Case 2.2
and by the 4-regularity of G, bothG[NG(c)\{x}] andG[NG(d)\{y}] are isomorphic toK3
and
NG(c) ∩NG(d)=NG(a) ∩NG({c, d})=NG(b) ∩NG({c, d})= ∅.
Let c′ ∈ NG(c)\{x}. Then M = {ab, cc′, yd} is an induced matching of G such that
G[{u, v, x}] is an odd component of G− V (M), a contradiction.
If |E({a, b, c, d})|3 and G[{a, b, c, d}] is connected. By the assumption of Case 2.2
that for every vertexw ∈ V (G),G[NG(w)] is isomorphic toK1∪K3, one can easily deduce
that {a, b, c, d} is a 4-clique of G. This contradicts the assumption that for every 4-clique S
of G, NG(S) is not a clique of G.
If |E({a, b, c, d})|3 but G[{a, b, c, d}] is disconnected, we can easily deduce that
G[{a, b, c, d}] is isomorphic to K1 ∪K3. Suppose that E({a, b, c, d})= {ab, ac, bc}. Let
z be the only vertex in NG(a)\{u, b, c}, then, by the fact that G[NG(a)] is isomorphic
to K1 ∪ K3, we can deduce that za, zb, zc ∈ E(G). When dz ∈ E(G), G[NG(d)] is
clearly not isomorphic to K1 ∪K3, a contradiction. When dz /∈E(G),M = {zc, yd} is an
induced matching of G such that G[{a, b, u, v, x}] is an odd component of G − V (M), a
contradiction again.
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By the above discussion, we know that there are just two edges in E({a, b, c, d}). If the
two edges are adjacent, we can suppose, without loss of generality, that ab, bc ∈ E(G).
ThenG[NG(b)] is not isomorphic toK1∪K3, a contradiction. So the only possibility is that
E({a, b, c, d}) is an induced matching of G. Assume that ab is an edge in E({a, b, c, d}).
By the fact that G[NG(a)] is isomorphic to K1 ∪ K3, one can easily deduce that {a, b} is
contained in a 4-clique of G. This completes the proof of Claim 5.
Now we continue the discussion for Case 2.2.
Let S1 = {u1, v1, x1, y1} be a 4-clique of G. By Claim 5, we can suppose, without loss
of generality, that u2v2 is an edge in E(NG(S1)) such that x1u2, y1v2 ∈ E(G). By Claim 5
again, {u2, v2} is contained in a 4-clique S2 (of G), say S2={u2, v2, x2, y2}, and {x2, y2} ∩
NG(S1) = ∅. By the same discussion as above, there is a 4-clique S3 = {u3, v3, x3, y3} of
G such that S3 ∩ S1 = S3 ∩ S2 = ∅ and such that x2u3, y2v3 ∈ E(G).
Now, let r3 be the maximum integer such that there are r 4-cliques Si={ui, vi, xi, yi},
1 ir , of G such that Si ∩ Sj = ∅, for i = j , and xiui+1, yivi+1 ∈ E(G), for 1 i
r − 1. By Claim 5, there is a 4-clique Sr+1 with Sr+1 ∩ Sr = ∅ and two distinct vertices
ur+1, vr+1 ∈ Sr+1 such that xrur+1, yrvr+1 ∈ E(G). By the 4-regularity of G and the
maximality of r, one can easily see that S1 ∩ Sr+1 = ∅. By the 4-regularity of G again, we
deduce that S1 = Sr+1. Hence, G is isomorphic to Tr, r3. The proof of Theorem 2.3 is
completed. 
3. 4-regular strongly IM-extendable graphs
We say a vertex subset S ⊆ V (G) is a -set of a graph G, if each component of G[S] is
isomorphic to either K1 or K2. By the deﬁnition of strongly IM-extendability, it is easy to
see that, a graph G is strongly IM-extendable, if and only if, for every -set S of G with |S|
even, G− S has a perfect matching.
Lemma 3.1. If G is a 4-regular strongly IM-extendable graph, then G is claw-free.
Proof. Otherwise, G is not claw-free. Suppose that u is a vertex of G with NG(u) =
{a, b, c, d} such that {a, b, c} is an independent set of G. It is clear that f (u)3. By the
assumption that G is strongly IM-extendable, for every vertex w of G,NG(w) is not a -set
of G, and so f (w)2. Hence, we have 2f (u)3.
If f (u)= 2, we can suppose that ad, bd ∈ E(G). Suppose further that NG(a)\{u, d} =
{x, y}. For the reason thatNG(a)={x, y, u, d} is not a -set ofG, either dx or dy, say dy, is
in E(G). By the 4-regularity of G and the symmetry of a and b, we also have by ∈ E(G).
SetX=V (G)\{u, a, b, c, d, x, y}. Because |V (G)| is even, X is not empty. By the fact that
the degree of b in G is 4, we can easily see that |NG(b) ∩ X|1. It follows that there is a
vertex z ∈ X=V (G)\{u, a, b, c, d, x, y} such thatNG(b)∩X ⊆ {z}. Then S={z, x, u, d}
is a -set of G with |S| even. LetH =G− S. ThenH − y has at least two isolated vertices
a and b. By Tutte’s theorem,H =G− S has no perfect matching. Hence, G is not strongly
IM-extendable, a contradiction.
Now suppose that f (u) = 3. Then ad, bd, cd ∈ E(G). One can easily see that, for
every w ∈ {a, b, c}, NG(w) is a -set of G, a contradiction. This completes the proof of
Lemma 3.1. 
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ByTheorem 2.3 and Lemma 3.1, also by the fact that every strongly IM-extendable graph
must be connected, we can easily obtain the following consequence.
Theorem 3.2. The only 4-regular strongly IM-extendable graphs areK4×K2,C26 andC28 .
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